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AHHOTaUMA

PaboTta nocesiLeHa NCCIeA0BaHMIO peLLeTKn anrebp 61MHapHbIX onepauuii paHra 3 u Ha-
XOXAEHMNI0 HaAMUHNMA/bHBIX anredbp buHapHbIX onepaunii paHra 3. HagMrHuManbHble
anrebpbl MOTYT ObITb Pa3NOXNMbIMU 1 HEPa3N0XMMbIMU. BblN0 MOAyYeHO CBOICTBO one-
paunii, NMOpoXAAloLLMX HEPa3NoXMMble HaAMUHMUMa/bHbIe anrebpsbl. Micnosb3oBaHme
3TOro CBOWCTBA MO3BO/INIO HANTK BCe HEPa3NoXUMble anrebpbl 61MHapHbLIX onepauuii
paHra 3. [lna noncka pasnoxmmblx anrebp Mcnoab3oBaancb NosyyYeHHbIe paHee pesyb-
TaTbl N0 MUHUMaNbHbLIM anrebpam 6rHapHbIX onepaunii paHra 3 [1]. MMHUManbHble
anrebpbl 6bIAM Pa3bUTLI Ha K1acChbl U ONKUCaHbl B TeopeMe 2. B paboTe 6bian noayyeHsl
HaZMWHUMa/bHble anrebpbl Had KaXAbIM K1accoM. KonmyecTso Hag KaXzabiM KNaccom
npejcTaBaeHo B TabAMYHOM Buje. Takxe BCe HaAMUHUMaNbHbIe anrebpbl bblIv pa3buTbl
Ha knaccbl. OnncaHmne knaccoe CGOpMyANpPOBAHO B IEMMAX.

KnioueBble cnoBa: onepayuy, peLueTka aarebp onepayunii, HaAMUHUMAAbHbIe aare6pbi
onepayui.
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1. BBEAEHUE

JlaHHas cTaThs IIOCBAIleHA HCCIeOBAaHUI0 PelleTKH ajre6p 6MHapHBIX Ollepalidii paH-
ra 3. CTpoeHUe pellleTKH aiare6p onepanyii pacCMaTpUBaJIoCh MHOTMMH MaTeMaTHUKaMH, Ha-
npuMep B paboTe [2] 6b1IH TTOJTyUeHBI BCe 18 MpeIIoTHBIX KJIacCOB pPellleTKH KJIOHOB paHra 3,
a B pabote [3] ycTaHOBJIEHO, UTO 9TH KJIACCHI UMEIOT KOHeUHbIe 6a3UChl U COCTOST U3 oIlepa-
W, 3aBUCAIIUX He 6oJjiee yeM OT ABYX IlepeMeHHBIX. TakuM 06pasoM, IIpeAIIoIHble KIacChl
B pellleTKe KJIOHOB OYAyT COBIAZAAThH C IIPEIIOHBIMU KJIaCCaMU pellleTKH GMHApHBIX Ollepa-
Ui paHra 3. B pabore [4] 6bL1H HaM[eHEI U OITMCaHbI BCe 48 MUHUMAJILHBIX KJIOHOB B pPellleTKe
KJIOHOB paHra 3. B pa6ore [1] 65111 HalifieHBI Bce 51 MUHUMaJ/IbHBIE KJIOHBI B pellleTKe 6UHap-
HBIX oIlepaliui paHra 3. [Ipu aToM U3 51 MUHUMAaJIbHBIX KJIOHOB II0JIyYUJIOCH 3 HOBBIX, & OCTaB-
muecd 48 IOJTHOCTHIO COBIIAJIM C MUHUMAaJIbHBIMU KJIOHaMHU U3 paboTsl [4]. B aHHOI cTaThe
IIPUBOAUTCI MeTOJ HaXO0XK[eHUs M KlacCuUKaIliid BCceX HaJMUHHUMAJIbHBIX ajarebp 6MHap-
HBIX ollepanyii paHra 3.
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2. BBOAMVMDIE MOHATA N ONPEAENEHNA

ITog paHTOM OIlepaliiy IOHUMaeTCsI MOIITHOCTh MHOKecTBa A: k = | Al.
Omepantuu f € P, tne A={ay,..., Ar_1}, MOXKHO TIPe/ICTABUTH KaK 0TOGPaKeHUS

F20,. 2y, 2k Ty

TIoJTyJaeMble U3 f IIPH KOJAUPOBKe a; — 2.,
[Ipu aToM oIlepanuio f 3ajafuiM BeKTOPHOM ¢opMoit {ay,...,qkn_1}, THe a; € {20,..., 281y,
a; = f(21',...,2Jn), (ji...jn) eCTb TpeACTBIEHHE | B CHCTeMe MCUYHCIEHHs 10 OCHOBAHHUIO k
n-paspsifHbIM YHUCI0OM.
Ormpesie/IMM 7-MeCTHYIO OIlepaljdi0 IIPOeKTHPOBAHUA II0 [-OMY apIryMeHTY CJIeLyLIHM 06pa-
30M:

el (ay,...ap) = a;.

brHapHas onepanus IIPOeKTUPOBAHMS paHra 3 II0 IIepBOMY apI'yYMeHTY B BeKTOPHOHU popme
3aIIMCBIBAETCS CJIeyIOIUM 06pasoM: ef = (111222444).

Ormpe/enM CIeAYOLIY0 MeTaollepalluio Ha MHOXKeCTBE OIlepaliiil — CYIIepIIO3SUIHIO OIle-
panwii f € Py u P} :

(f*fl»---;fn)(aly---»am) :f(fl(aly---ram)r-'-)fn(aly---ram))~

Anre6poit n-MeCTHBIX OIepaliiii HajJ, MHOKeCTBOM A HAa3bIBAIOT JIF000e IIO0IMHOKEeCTBO
K < P/}, 3saMKHYTO€ OTHOCHUTEJIHHO CYIIEPIIO3UIUH U cofiepyKalllee BCe /-MeCTHBIE OIlepal[uy
IIPOEKTUPOBaHUSA.

HasoBeM HauMeHbIIIeN (TpUBUAJILHOM) ajarebpol aiarebpy, CofeprKalllyr TOJIBKO OIlepa-
WU IIPOEeKTUPOBaHUSL.

MuHHUMaIbHOU anre6poi Ha30BeM aaredpy, He CofleprKallyro B cebe rrofanre6p, Kpome Hau-
MeHbIIIeH (TPUBUAIbHON).

Ilycts K MUHUMaJbHAs aire6pa. Torna HaAMUHUIMaIBLHOU anre6poi U Hax K HasbIBaeTcs
anrebpa, He cofieprkaiasi B cebe mopanre6p, KOTopble cogepkar K.

IToporkmaroIiiM MHO>KeCTBOM JJIs1 ainre6psl K 6yzieM HasblBaTh TaKOe MHOYKeCTBO OIlepa-
Ui, anrebpandeckoe 3aMbIKaHMe KOTOPBIX COBIIafaer ¢ K.

Basucom g1 anre6psl K 6yZieM Ha3blBaTh MHHUMAaJIbLHOE II0POKatolliee MHOKeCTBO, aJl-
re6panyecKoe 3aMbIKaHHe KOTOPOTO (BMECTE C OIleparfusIMU IIPOeKTUPOBaHUS) IIOPOXKIAeT aJl-
re6py K. IIpu 3TOM B IepevHrCIIeHUH IIOPOKIAaroIero 6asuca 6yfeM onycKaTb OIepaIriiuy Ipo-
eKTHUPOBaHUs, TaK KaK OHH BCeIyla IPHUCYTCTBYIOT B ajrebpe 110 onpefeseHU0 [5]. Anreopy K
6yzmeM 0603HaUaTh Uepe3 IOPOKAAIOIINI 6a3uc caenyomuM obpasom: K = [fi,..., fil-

IToxr 06 befiHeHMEM ayITebp IIPUHATO IIOHUMATh ajrebpanyeckoe 3aMbIKaHUe 00befiHe-
HUS 3JIEMEHTOB, BXOJAIINX B 3TH aIrebpshl.

Hepassioxxumo anre6poii 6y[ieM HasbIBaTh aaredpy, KoTopas He IIpeJicTaBHMa B BHUJie 00b-
e[lHeHUsI COOCTBEHHEBIX ITojaaredp. 13 onpesiesieHUsI 04€BUHO, UTO JII060M 6a3uc TakoH aJ-
re6pel COZleP>KUT TOJIBKO OJHY OIIepallHIo.

Pasnoxmumou anre6poit OyZeM HaskIBaTh aiaredbpy, KOTopas IpeicTaBUMa B BUZE 00beU-
HeHUs COOCTBEHHBIX II0/IANITeop.

Hepassokumasi HaAIMIHUMAaIbHas aarebpa HaJ MUHUMAaJIbHOM K He MOJKeT ObITh HaJMHU-
HUMaJIbHOM HaJ APYroil MUHUMaJIbHO! aareopor.

PasnoxuMasi HafMUHUMaIbHas ajnrebpa HaJy MUHUMAJIbLHOU ainrebpoit K comep KUt elre
XOTs 6BI OLHY IPYTYI0 MUHUMAJIBHYIO aareopy.
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3. HEPASNIOXXKUMbIE HAAMWHWMAJbHBIE ANITEGPbDI

Jemma 1. A=1{1,2,4}. Ilyctb K — MUHHUMaIbHad anre6pa 6MHapHBIX onepanuii Haj A. Torga
HepasIoKHUMble HaJMHUHHUMaJIbHbIe aare6pbl G MOI'YT OBITH IIOPOXKAEHBI TOJIBKO OIlepariisIMH
[g] = G Bupa: (xaja2asyasasasz), toe x = f(1,1),y = f(12,2),z=f(4,4),feK | [f]=K.

JdokxasaTreabcTBO. OT IPOTUBHOTO. IlycTh HaMUHUMAaIbHAas HepasJIoKuMas aireépa G pacrio-
JlaraeTcd HaJi, MUHUMAaJILHOU anre6poi K. IIpeAIiososKuM, 4To CyIeCTByeT TaKasl oIlepalius
g€ G| gl =G, uro gns mo6oit f € K | [f] = K He BBIIOJHSETCS KaKoe-TH60 M3 PaBEeHCTB
gL, =f(Q,1), g2,2) = f(2,2), g4,4) = f(4,4). Torza MO>KHO IIOCTPOUTHL GMHAPHYIO OIlepa-
10 ¢ QUKTUBHBIM apTyMeHToOM h = g(e, €2), TaKyIo UTo:

(Al < (g, le1,e2] #[hl < (gl, h¢ K.

[MonyunMm nomanre6py [h] # K, UTO IPOTHBOPEUUT OIIpefle/IeHUI0 HepasIoyKUMOH HaJMUHU-
MaJbHOM anre6psl Hax K. JleMMa JloKa3aHa.

IIpuBefieHHOE BHIIIE CBOMCTBO OIlepaliiii, IOpO>KAAI0IUX Hepa3a0KUMble HaIMUHUMAJIb-
Hble ayre6pbl HaJ, MUHUMAaIbHOH anre6poit K, II03BOJIHII0 HATIOKUTh OTPaHIUYEHHS Ha MHOYKe-
CTBO paccMaTpUBaeMbIX olleparuil. Haj BceMU MUHUMAILHBIMU ajire6paMu 6b110 HatiieHo 87
HaJIMUHUMAaIbHBIX HEPA3JIOXKUMBIX aIreop.

4. PA3IOXKUMbBIE HAAMWHWUMAJbHbBIE AJITEBPbI

PaccMoTpUM MUHHUMaIBHYIO anrebpy K = [f]. Iloporkaroiiee MHOKeCTBO JJI1 HaIMUHU-
MaJIbHOM pasIoKUMOM aire6phl HaJ, MUHUMAaIbHOM anre6poi K cocTOUT U3 f, a TakoKe U3
OPYyTHUX oIlepalyii. B cBOI0 oyepess, 3T [pyrye ollepaliii II0POKAal0T MHbIe MUHHUMAaIbHbIe
ayre6psl, HaJy KOTOPBIMU HaXOUTCI paccMaTpUBaeMasi HaAMIHUMaIbHas pasJIocKuMasi areo-
pa. I[Ipy HaXOKIeHUU PasJIOKUMBIX HaJ[IMUHUMAaJIbHBIX aJre6p UCII0JIb30BaI0Ch PasjIoKeHHe
TIOPOKAAIOIIer0 MHOXKeCTBa:

L, o oo fild =LA oL - UL [l Lo, 31 oo Uy fieds oo Lfie=1 Sl

PaccMoTpUM asIre6phl HaJi MUHUMAaIbHOM anre6poit K = [ f]. Jlro6asg HagMUHUMAaIbHas pas-
JIoKMMasi anre6pa Haj K B CBoeM pasJiosKeHHH uMeeT mapsl [ f, '], rie f' mopokmaet apyryro
MUHHUMaJIbHYI0 aiare6py [f'] = K'. [IpuueM eciiu Kakas-in60 us map [f, f'] B pasiokeHUH Hajl-
MUHUMAaJIbLHOH anrebpsl IBjsIeTCI HAAMUHUMAIBHOM, TO 3aMBIKaHUE BCETO Pa3JI0KeHUs IN60
COBIIAJIET C 3aMBbIKaHUEM 3TOU I1aphl, 1160 He 6yAeT IIOPoKAaTh HaIMUHUMAJIbBHYI0 aaredpy.
Ecmm mapa [f, f'] B pasiiokeHUH He sSIBJISI€TCST HAAMHUHUMAILHOM, TO M 3aMbIKaHKe BCETO pas-
JIO’KeHUS He OyZIeT IIOPOKIaTh HaAMUHUMAaIBHYIO0 aire6py. TakuM 06pa3oM, AJ1s1 HaX0KIeHUS
PasJIoKUMBIX HAZMHUHUMAIbHEIX ajaredp Hag K oCcTaTOYHO PacCMOTPETH BCe BO3SMOJKHBIE aJl-
reGpsl, 6a3KC KOTOPBIX COCTOMUT w3 map [f, f']. Haxg BceMu MUHHUMAILHBIMH ajIrebpaMu 65110
HalieHo 474 HaAMHUHUMAaJIbHBIX Pa3I0KUMBbIX aareop.

5. MOJNIYYEHHbBIE PE3YJ/IbTATbI

Z[JIH IIOMCKa HaAMHHHMaJIbHBIX aJIre6p HCIIOJIB30BaJIMCh KOMIIBIOTEPHBIE BBIYMC/ICHMU.
byutu paspa60TaHLI AJITOPHUTMEBI IIOHMCKa BCEX HEPA3IOKUMBIX 1 PA3JI0KHUMBIX aJIre6p.
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B mepBOM ajIrOpATMe /I TeHepalliy ollepaliyi, KOTOpble MOI'YT IIOPOXKAAaTh HepasJsIoKH-
Mble aIre6psl HaZl paccMaTpHUBaeMOU MUHUMAIbLHOU ajre6poii, UCII0JIb30BaI0Ch CBOMCTBO U3
JeMMEI 1. HioKe IIpe[cTaBJIeH aJIfOPUTM HaX0XK[eHUA BCeX Hepasa0KUMBIX HaJMUHUMAJIb-
HBIX airebp Haj, BCEMU MUHUMAJIbHBIMU ajJrebpamu.

Algorithm 1: Haxo>x/ieHre Hepa3JI0>KUMbIX HAIMIHUMAaIbHBIX aare6p Hajl BCEMU MU-

HHUMaJIbHBIMH aJII‘E6pﬂMI/I
Data: A MHO’KeCTBO BCEX MUHHUMaJIbHBIX aJII‘86p paura 3

Result: B MHO>XeCTBO BCeX Hepa3JI0KUMBbIX Ha/IMUHUMAaJIbHBIX aarebp
foreach minimal _alg in A do

foreach binary_operation in minimal_alg do
potential_operations = generated_operations(binary_operation)

foreach potential operation in potential_operations do

if IsUp(Closure(potential_operation),minimal_alg) then
| B.add(Closure(potential operation))

end

end

end

end

JIJ1s1 HaX0XKIeHUS pa3IoyKUMBIX HA/IMUHUMAILHBIX aire6p UCII0Ib30BaIOCh PA3JI0KEHHE
anre6psl yepes co6CTBeHHbBIe IT0/jaNTe6psl. /IJ1d reHepallii Pas3JIoKUMBIX aarebp UCII0JIh30Ba-
JIVICh paHee ITOJTyYeHHBIe Pe3yIbTaThl U3 paboTsl [1]. Hyoke mpe/icTaB/IeH airTOPUTM HaX0XK/Ie-
HUS BCeX Pa3I0KUMBIX HA/IMUHUMAJILHBIX aare6p Hajl BCeMU MUHUMAaJIbHBIMU ajare6pamMu.

Algorithm 2: Haxox/ieHHe pa3IoKUMbIX HaIMUHHUMAaIbHBIX ajaredbp Haj, BCeMHd MU-

HHUMAaJbHBIMHU ajare6paMu
Data: A MHO’XeCTBO BCeX MUHUMAJIbLHBIX ajre6p paHra 3

Result: C MHOXeCTBO BCeX Pa3jI0KUMbBIX HAIMUHUMaJIbHBIX aIrebp
foreach minimal_alg in A do
foreach another_minimal_alg in A.discard(minimal_alg) do

if IsUp(Closure(minimal_alg, enother_minimal alg), minimal_alg) then
| C.add(Closure(minimal_alg, enother_minimal_alg))

end

end

end

PesyJsibTaThl, I10JIy4YeHHBIE C IIOMOIIbI0 KOMIIBIOTEPHBIX BEIUMCIEHUH, II03BOJIMIN CHOPMY-
JILPOBaTh TeopeMy 1 u jiemmerl 2.1-2.16, 3.1-3.7.

Teopema 1. Urciio pa3/IMYHBIX HAAMHUHAMAIbHBIX ajare6p Haj, BCEMHU MUHUMAaJIbHBIMHU ajreo-
paMu paBHO 561, 13 HUX 474 pasIo>KUMbBIX U 87 HepasIoKUMBIX aiareop. /st KaKaou us 64
MUHUMAaJIbLHBIX aare6psl B Tabumie 1 IpuBefeHO YMCI0 HAAMUHUMAJIbHBIX anrebp Haj Hel,
rge B cronbmax T 1 u T 2 yKasaHO KOJIMYeCTBO HePasIOKUMBIX U PasIoKUMBIX ajlre6p COOTBET-
CTBEHHO. ITHU aJre6phl II0JTHOCTHI0 OIIMCAHEL.
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Ta6nuua 1. KoarduecTBo HaAMUHUMAJIBHBIX anre6p

Min alg T1 T2 Min alg T1 T2
[111111111] 3 20 [121222444] 2 16
[222222222] 3 20 | [122222444] 1 9
[444444444] 3 20 [144222444] 1 9
[142142142] 0 10 | [122222224] 2 9
[214214214] 0 10 [144424444] 2 9
[421421421] 0 10 | [111121114] 2 9
[241241241] 0 3 [111121444] 1 9
[114114114] 6 6 [111122444] 2 16
[122122122] 6 6 [111224444] 2 16
[121121121] 6 6 [111424444] 1 9
[144144144] 6 6 [111222114] 1 9
[224224224] 6 6 [111222144] 2 16
[424424424] 6 6 [111222224] 1 9
[111422244] 0 11 | [111222424] 2 16
[141222414] 0 11 | [124222444] 2 10
[112221444] 0 11 | [121222424] 0 15
[114222424] 0 7 [114224444] 0 15
[121222144] 0 7 [111122144] 0 15
[114122444] 0 7 [111124444] 2 10
[121224444] 0 7 [111222124] 2 10
[111122424] 0 7 [121222124] 1 16
[111224144] 0 7 [124222424] 1 16
[112222244] 0 6 [114124444] 1 16
[141422444] 0 6 [124224444] 1 16
[111221414] 0 6 [111122124] 1 16
[112222444] 1 16 [111124144] 1 16
[141222444] 1 16 | [114122424] 0 10
[111221444] 1 16 | [121224144] 0 10
[111422444] 1 16 | [142421214] 0 8
[111222244] 1 16 | [114222144] 0 16
[111222414] 1 16 | [111224424] 0 16
[114222444] 2 16 | [114224124] 0 16

6. KIACCMOUKALMNA MNHUMANDBbHbBIX ANNTEBP

Tyt u fanee A = {1,2,4}. BBefieM ciieyrolyie MHOXKeCTBa YHaPHBIX OIlepaIHii:

O1={fal fa(D) = fa(2) = fa4) = a, 1HE ac A},

Or=1{fal fal@=a,fsb)=c, falc)=b, THRE a# b, a#c, b#c, a,b,ce A},
Os={f1f(D)=2,f2)=4,fA =1},

Os={fcal feal@=a,fealb)=b, fcalc)=d, the a#b, a#c, b#c, c#d, a,b,c,de A},
Os={fap| fap@=Db, fap(b)=Db,fap(c)=a, TRe a+ b, a*c, b#c, a,b,ce A}.

TeopeMa 2. MHO0>KeCTBO MUHUMAaJILHBIX aare6p 6MHAapHBIX ollepaIiiii paHra 3 pa3buBaeTcs Ha
CcJIeIyIOIIIKe II0IIAaPHO HellepeceKaroIrecs KJIacchl:
Ky =1{[g¢ 11 c1€ A}

foX) msiy=1, tne f, €0y,
8,y x)=1 fe)mmay=2, taef, €0,
fo (0 By =4, tme fo, €O0.
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Ky =1{lg;] 1 €A}

fo X pmsiy=1, tme fe € O,
8c (3, X) = { fo(X) pigy=2, 1ne fe, €Oy,
fo,(xX) pnay =4, rtge fc, €0y.
Ks ={lgl},
f) py=1, 1nefe €0s,
gy, x)= { f amy=2, 1mef €0s,
fx)pay=4, rtmefe €Os.

Ks=1{lg¢ el c1,c0€ A c1 # o}y

oo (1 X) = {

K5 ={[gal | a€ A},

gaty = ey =

Ke =1{[8c,,co,c51 | €1,C2,C3 € A, i # cj},
gClyczycs (y’ x) = {
K7 =1{[8c),co,c51 | €1, €2, €3 € A, i # cjt,

gCl,Cz,Cg (yv x) = {

Kg=1{lgal | a€ A},

ga(y, ) = { fax) gy =a,

Ko ={[8c,c,] | c1,c2€ A, ci # ¢},
e, (1, X) = {

K10 =1{[8c,,co,c51 | €1, €2, C3 € A, ci # ¢j},

gCl,Cz,Cg (J/; x) = {

Jer,e, () Bty =1,
fC],Cz (x) J—I'Hﬂ y = 27
fcl,cz (x) mst y= 4

fCl,CZ (x) pnsy = co,
f03,cl (x) g1t y = 1,
e(Xx) 1J1d oCTaNIbHBIX .

fcl,cz (x) pns y = c3,
f03,02 (x) g1t y = 1,
e(x) 1J1d OCTaNIbHBIX .

Jer,0, (%) By = €2,
fcz,cl (x) prs y = ¢y,
e(x) 1 oCTaJIbHEIX ).

fCl,CZ (x) MH y = CZ)
f03,cl (x) pist y = 1,
fCZ.C3 (%) ALy = C3,

I‘rue fCl,Cg € O4!
I‘/Ie fC],Cz € 04)
Ime fe,,c, € Og.

rﬂe fa € OZ)

e(x) U1 OCTaIbHBIX .

Te fCl,Cz € O4r
Ine fcg,q € 04;

Te fCl,Cz € O4r
Ine ng,Cz € 04;

rme f(l € Ol)

e(x) /11 OCTaIbHBIX J.

I‘ﬂ;e fC],Cz € O4v
r/le ng,C] € 04)

e fCl,Cg € O4v
rﬂe ng,Cg € O4’
I7ie fe,,c; € Oa.

Ki1=1[gl,
fix)pmay=1, tme[fi]l€ Oy,
g(y,x)= { L) pmay=2, tnmelf2]l €0y,
fax) gy =4, tme [fil € Os.

Kio ={lgc;, ] | 1,00 € A 01 # €2}y
e(x) gy =y,
gCl,Cg (yrx) :{ fu y !
Kiz ={lgc,,c.] | 1,00 € A 01 # 2}y
e(x) pr1 y = ¢y,
e(x) I y = ¢,

gero (1 X) = {

fe1,¢,(X) IJI OCTAJIBHBIX Y,

fei,¢,(X) B OCTaNBHBIX ¥,

I7ie fe,,c, € Os.

e fe,c, € Oa.
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Ki3 ={[8c; 00,51 | €1,C2,¢3 € A, ci # ¢},
Jer,,(X) sty = ¢2, 1RE fey,c, € Os,
8c1,c,05(1, X) = { Je, (0) Bt y = c3 rae fe, € Oy,
e(x) paay = cy.
Ky =1{[8c,,c,] | c1,02 € A, 01 # €2},
_ { fcl,q (X) pnsa y = ca, Ime fCl,(,‘g € Oy,
8e1,c (y,x) =
e(Xx) 11 OCTaNbHBIX ).
K5 =1[8c; 00051 | €1,02,¢3 € A, ¢i # ¢j},
fCl,CZ (x) mist y = c3, THE fcl,cz € Oy,
&ei,c0,05 (Y, X) = { fere, Xy =ci, 1AE fe;c, € Os,
fe,(x) I y = c2, e f¢, € O1.
Kis =1[8c; 00051 | €1,C2,¢3 € A, ¢i # cj},

fcl,cz (x) pns1y = co, Ime fcl,cz € Oy,
gCl,Cz,Cg (y, x) = fCl,C3 (x) IUIH y =Cs, rﬂe fC],C3 € 04!
e(Xx) 1JId oCTaNbHBIX ).

6.1. HaaMMHMNManbHbIE pasNoXXMMble anre6pol

JemMa 2.1. /{711 MUHUMAaJIBHOM anre6psl | f;] € K} HagMUHUMaJIbHbBIE Pa3JIoyKUMBble aare6pbl
pasbuBarOTCA Ha C/lelyIollHe IIOIIaPHO HellepeceKaloljhecs KIacChl:

Ui =1{fa &bl | [gpl € K1, a# b},

Ur2 ={[fa 8al | [8al € Ko},

Uiz ={lfa ge1c) | [&c1,c,) € Ky, €1 # a},

Ura={lfa 8ci,a,c5] | (8c1,a,c,) € K73,

Uis= {[fa;gcl,a] | [8¢,,al € K3},

Urs = {lfar gcl,a,c3] | [gcl,a,c3] € Kis},

U7 ={lfa 8ec) | (8c),c,] € Kia, C1 # a, ¢ # a},

Uis ={lfa 8a,co,c5] | (8a,co,c;) € K16},

Uig= {[far gu] | [ga] € Kg},

Uiio = [fay gcl,cg,c3] | [gcl,cz,c3] €Kiz, ¢ # a},

Ui ={lfa 8cr,c.] | [8ey,c,] € Ko, 1 # @, €2 # al.

JlemMa 2.2. [[711 MUHUMAaJIBHOM anre6psl | f,] € Ky HaqMUHUMaJIbHbBIE Pa3JIoKUMBble aare6pbl
pas6uBaroTCs Ha CyIeIyIOINHe II0IIapHO HellepeceKaloIyecs KIacChl:

Uz1=1{fa &bl | 18p] € K1},

Uz =1{lfa, 8p) | [8b) € K2,a# b} ={[fa, &gl | § € K3},

Usz = {[fa 8eic) 1 [8c,c,] €Ky, €2 # al,

Uz g = {[fa» 8al | [8al € K5},

Uz5 =1{[fa 8crc) | [8c1,c,] € K13, €1 # a, ¢z # ab,

Uz = {[fa; ga,cz] | [ga,cz] € Kz},

Uy7= {[fa, ga,cz,cg] | [ga,q,cg] € Kis},

Uys = {[fa» ga] | [ga] € Kg}.

JemMa 2.3. /11 MUHHUMAaJIbHOM aare6psl [f] € K3 HafMUHUMaIbHBIE pPa3jIosKHUMble aare6phl
pasbuBarOTCA Ha C/IelyIolliye IIOIIaPHO HellepeceKarolhecs KIacChl:

Us.1 =1{lf,8al | [8a] € Ki},

Us2=1{lf,8al | [8d] € K2},

Uss ={lf,gll[gl € Ki1}.
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JlemMa 2.4./[711 MUHUMAaJIbHON aure6psl [f, ¢, ] € K4 HaAMUHHUMAaIbHbIE Pa3/I0’KUMble ajre6-

PEL pa361/IBaIOTCH Ha Cj1eayroniye II0IIapHOo HellepeCeKaroiruecd KIacChl:

Usi1=1{lfec,,c,0 8¢, | 18, € K1, €3 # 1},
Uso = {[fcl,czygcl,%] | [gcl,c3] € K4, c3 # ¢},
Uss = {[fcl,cgygcz,cl] | [8cy,c,] € Kal,

Uss = {[fcl,cg»gcl,cg] | &c,,c,) € Ki3},

Uys = {[fcl,CZ»gcl,CZ] | ge0,] € Kio}.

JlemMma 2.5. JlyI1 MUHUMAaJILHOM asrebpsl [ f;, | € Ks HafMUHIMa/IbHbIe PasIo’KHUMBIe ajIrebpel

pas6UBaIOTCA Ha CJIEAYIOIIHe II0IIapHO HellepeceKaroIIuecs KIacChl:
Usy= {[fclygcz] | [gcz] € Ky, c1 # ¢},
Usy = {[fclygcl] | [&c,] € Ko},
Us3 =1[fc1»8cs,c5) | [8crc5] € Ky, C2 # €1, €3 # €1,
Usy= {[fclygcl,cz] | [gcl,cz] € Ky},
Uss=1[fc1»8cs 03] | [8crc5] € Kis, 2 # €1, c3# €1},
Uss = lfc1r8ci,co) | [8ey,e.] € Kok,
Us7= {[fcl»gcl,CZ,cs] | [8c,,cs.c5) € Kisl,
Usg = {[fclrgcl] | [8c,] € Ks},
Usg =1{lfc;»8cs,c5l | [8er 3] € Ko, €2 # €1, €3 # €1}

JlemMma 2.6. [lyi1 MUHUMaJIBHOU aire6psl fe ¢, c, € K¢ HHaAMUHHUMAaJIbHbIE PA3IO’KHMBIe ajl-

re6pm pa36I/IBaIOTCH Ha CiIegyromire I10IIapHoO HellepeCeKaroIreca KIacCChl:

Us1 = {[fcl,cz,c3» 8eico) | [8cy,c,] € Ka},

Us.2 ={lfe1,c0,050 8csner ] | [8s,e0) € Kaby

Uss = {[fCl,L‘g,C3) 8eic) | [8c,c,] € Kial,
Usa = {[fcl,cg,c3» 8escl | [8cs,c,] € Kial,

Uss = {[fcl,02,03,gC3,cl,02] | (&cs,c1,0,] € Ki3},
Uss = {[fcl,c'g,Cygcl,cz,cs] | (&c1,c0,c3) € Kio},
Us7 = {[fcl,Cg,Cg!gCg,Cg] | [&c,,c;) € Ko}

Jlemma 2.7. Jl/1s1 MUHUMAJIBHOU anre6psl f, c,,¢; € K7 HAAMUHUMaJIbHBIE Pa3/I0KUMBIe alre6-

PEBI paBGI/IBaIOTCH Ha CJIeAYIOIIHE IIOIIapHO HellepeCeKAaIIHeCd KIaCChL:

U7 = {[fcl,CZ,Cygcz] | [gc2] € K1},

U7o = {[fcl,cz,Cygcl,cz] | [&c,,c,] € Ki3},
Uzsz= {[fcl,CZ,L‘g) ges0l | [8cs,c,] € Ki3},
Uza= {[fcl,c2,C37 gcl,cz,c3] | [gc1,02,03] € Kis},
Urs= {[fcl,cz,c3;gcz,c1,c3] | [8cy,c1,c5) € Kigls
Uze= {[fcl,cz,c3»gc1,c3] | [8c,,c;] € Ko}

Jlemma 2.8. [l11 MUHUMAaJIBHOH aure6psr! f; € Kg HaZMUHUMAIbHEIE PA3JI0KUMEBIe aarebpsl

pa36I/IBa}0TCH Ha CJIeayroIire II0IIapHO HellepeCeKaroImrecd KIacChl:
Us1=1lfa 8al | [8al € Ki},
Ugo = {[furga] | [gal € K2} Ugs = {[fa» gcl,cz] | [gcl,cz] € Ky, 1 # a},
Us.a =1{lfa &al | [8al € K51,
Uss = {lfa 8c10l | (8] € Ki3, 1 #a,c0 # al,
Usge = {[fa, gcl,a] | [gcl,a] € K4},
Uss = {[fay gcl,a,czl | [gcl,a,cz] € Kis},
Use = {[fay gcl,CZ,a] | [gcl,CZ,a] € Kyz1},
Us.s =1{lfa) 8c1,c,) | 8] € Ko, €1 # @, 2 # ab.
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JlemMma 2.9. /i1 MUHUMAaJILHOM aJre6psl f;, ., € K9 HAIMHHUMAaJIbHbIE PasIO’KUMBble aJIreGpbl
pa36HBa}OTCH Ha CJjIegyroiire II0IIapHO HellepeCeKaroIruecd KIacChl:

Uga =A{lfei,c0 8cs) | 18,1 € K, €3 # €1, 3% Caby

Ug2 =lfec,c,0 8cs) | [8cs] € K5, €3 # €1, €3 # 2l

Ugs = {[fcl,02»803,cl,02] | (8cs,c1,¢,) € Ko},

Ugy = {[fcl,czygc3,c2,c1] | [gc3,c1,c2] € Kg},

Ugs = {[fcl,CZ»gcl,L‘3,cz] | [gcl,c‘3,cz] € K7},

Ugs = {[fcl,czygcl,cz] | [gcl,cz] € Kisl,

Ug7 = {[fcl,czrgcz,cl] | (8c,,c,] € K13},

Ugg = {[fcl,czygc3,c4] | [gc3,c4] € Ky},

Usg.g = {lfc1,c,0 8cs) | [8e;] € Kg, €3 # 1, €3 # Co},

Ug.10 = {[fcl,cz;gc3,cl,cz] | [gcg,cl,cg] € Kie},

Ugi1 = {[fcl,cz»gC3,cz] | (8c;,c,] €Ky, 3£ C1} = {[fcl,czrgcl,cs] | (8c),c;] € Ky, €3 # C1}.

Jlemma 2.10. /i1 MUHHMAaJIBHOU anre6psl fe ¢, c, € Kig HaAMHHIMAaIbHBIE PA3/I0KHUMBIE ajl-
re6pHI pa36HMBAIOTCS Ha CAeAYIONIHe IIOMTapHO HellepeceKaroIprecs KIacChl:

U101 = {[fCl,Cz,gl ge 0l | [8c),c,) € K4},

Uio2 = {[fcl,cz,y gcz,cg,] | [gcz,c3] € Ky},

Uio3 = {[fCl,Cz,gl geicl | [8cs ] € Ky},

Uios = {[fcl,cz,y gcl,cz,cgl | [gcl,CZ,cg,] € Ke},

Uios = {[fCl,Cz,gl g03,cl,c2] | [803,01,02] € Ke},

Uios = {[fcl,cz,3» 8ercs,00] | [8c,c3,c1] € Ka},

Ur0.7 = U ferc0050 8erea] | [8ey,c,] € Kials

Uiosg = {[fC1,02,3) 8ey,c5) | [&c,,c) € K14},

U109 = {fer,c0030 8esier] | 180,01 € Kials

Ur0.10 = {[fe1,c050 805,001 | [8ey,c3,00] € Kio}-

JemMa 2.11. l;19 MUHUMAaIbHOM aare6psl [ f] € K11 HaAMUHUMAaIbHBIE Pa3IosKUMbIe aare6pbl
pasbuBaroTCA Ha CyIefiyIolliye IIOIIaPHO HellepeceKaroluecs KIacChl:
Una ={lf8al | [8al € Ki} ={[f,8al | [8a] € Ko},
Un2=1lf,g111gl €Kz},
Uiz = {[f»gcl,CZ,cg,] | [gcl,CZ,cg] € K5} = {[f, gczl | [gcz] € Kg} = {[f»gcl,CZ,cg] | [gcl,02,03] € K7}t =
= {[f»gcl,c3] | [8c,,c5] € Ko} = {[f, 8ec,1118c,] € Ks} = {f 8cs,er,03] | [8s01,05) € K}
Ui14= {[f» gcl,L‘g,cg] | [gcl,CZ,cg] € Kjo} = {[f; gcl,03,cz] | [801,03,02] € Kjo}.

Jemma 2.12. 111 MUHUMaJIbHOM aire6psl [ f, ] € K12 HafMIHUMa/IbHbEIE Pa3JIO’KHMEIe ajl-
re6pbl pa3sbuBarOTCa Ha CJIeVIOIIHe II0IIapHO HellepeceKaloliecs: KIacChl:

Uiz1 = {[fcl,CZ;gcl,CZ] | [8c,,c,] € Kal,

Ui22 =1{fe1,c00 8cresl | [8cy,c5) € Ka, €3 # €1, €3 # €2},

Ui2.3 = fer,c0 8esieo] | 183,01 € Ka, €3 # €1, €3 # €2},

Ui2.a = {fe1,c 81,0 | [8cy,0,) € Kish,

Uizs = {[fcl,CZ)gQ,Cg] | (8c,,c,] € K14},

Ui2.6 = {1fey,c0 8eres) | [8ey,c5] € Ki2, €3 # €1, €3 # Co,

Ui2.7 = U fer000 8erenes) | [8er 00,051 € K15, €3 % €1, €3 # Co},

Ur2.8 ={lfec1,c00 8c1 00,051 | 8c1,00,05] € Kigy €3 # €1, €3 # C2l,

Ui2.9 = {fe),c0 8crcnes) | [8cr,0005] € K131, €3 % €1, €3 # Co}

Jlemma 2.13. 11 MUHUMaJIBHOM ayre6psl [ f, ] € K13 HaMIHUMa/IbHbEIE PA3JIO’KHMBIe ajl-
re6psI pa3bUBaIOTC Ha CJIeIyIOIIMe II0IIapHO HellepeceKaloIrecs: KIacChl:
Uisa =1{lfe,,c0 8c1 1 18c,] € Ki},
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Uiz = {[fcl,cwgcz] | [gc2] € K1},

Uiss =1{lfec1,c20 8cre0) | [8ey, o] € Ka}y

Uizs = {[fcl,cg’gcz,cl] | [8cy,c,] € Kal},

Urss = {lferc0 8esneo] | 185,01 € Ka, €3 # €1, €3 # €2},
Uise ={lfc1,cr0 8cryenes) | [8cy,c0,c5] € K7, €3 # €1, €3 # €2},
Uiz.7 ={lfe1,c20 8crrer) | [8erycr] € Kashy

Uizs = {[fc,,CZ,ch,q] | [8cy,c,] € K14},

Uiz ={lfer,c00 8erye3) | [8cs0c1] € Kua, €3 # €1, €3 # €2},
Uiz.10= {[fcl,czygcl,cz] | [8c,,c,] € Ki2},

Urz.11 = {lfe1,000 8ese] | [8crc] € K12, €3 # €1, €3 # €2},
Ursa2 =l fer,c00 8ereanes) | 18y 00051 € K15, €3 # €1, €3 # €2},
Urz.13 = {lfe1,00 8cs) | [8c,]1 € Kg, €3 # ¢1, €3 # €2},

Uiz.1a = {[fcl,02vgcl,cz,03] | (&c1,c0,c5] € Ki3},

Uizis = {[fcl,cz»gcz,cl,c3] | [8c,,c1,c5) € Kizh,

Uis.i6 = {[fcl,02,gC3,02,01] | (8cs,c0,c1] € K131}

Jlemma 2.13’. /I/11 MUHUMaJ/IbHOM anre6psl [ fe, ¢, c;] € K13 HAIMUHHMaIbHBIE Pa3jIoyKUMBIe ajl-
re6pBI pa36I/IBaIOTCﬂ Ha Cjieayromnire I10IrapHoO HellepeCeKarIrecsa KIacChl:
Uis1 = {[fe),c005 8cr1 | (8,1 € Ki},
Uiz 2= {[fcl,cz,C3,g03] | [gc3] € K1},
Uiz 3= {[fc],CZ,c'grgcl,cz] | [8c,,c;] € Ka},
Uiziga = {[fcl,02,03,gcl,03] | (&c,,c) € K4},
Uizs = {[fcl,cz,c3rgc2,c3] | [8c,,c5] € Kal,
Uise = (8¢, co,c50 8co,05,61] | [8ey,c5] € Ka}y
Uis.7 =1{[8c),co,c350 8cr 0] | [ 8ey 05,0
Uis.s = {[&c,,co, c3r 8¢y, al 1 [8c,, s, ol
Uiz .9 ={[&c),co,c30 8cryc0) | (8c,,c5,c1) € K14},
Uiz 10 = 8¢, co,c50 8cryesl | [8cy,05,c,] € Kial,
Uiz .11 = (8¢, co.c30 8co, 5] | [&c,,cs,c1] € Kia},
Uiz a2 = {[8c1,c0.650 8cr,e5.60] 180,051 € Kis}
Uisr.13 = {[gcy,c,, ¢ 8ci, e | [8c,c,] € K12},
Uiz aa = {(8c1,c0.050 8c1 | [8cs] € K},
Uiz.1s = {[8cy,c0,030 8eryeo,05] | (8,051 € Kigh,
Uisi.16 = {[8c,co.c30 8cs,00,c1) | (8cs,c0,01), € K13t}

JlemMma 2.14. /111 MUHUMaJIBHOM aire6psl [ f, ¢, ] € K14 HafMIHUMa/IbHEIE PA3IO’KHUMBIe ajl-
re6prI pa3bUBaIOTCS Ha CJIeIyIOIINe II0IIapHO HellepeceKaroIuecs KaacChl:

Uis1 = {lfe),c, 8cs1 1 [8c,1 € K, c3# c1, €3 # 2},

Uisz = {[fcl,c‘pgcl,cz] | [8c),c,] € K},

Uias =1{lfec,,c,0 8cre3) | [8ey,c5) € Ka, €3 # €1, €3 # €2},

Ura.a ={lfer,00 8crves] | [80cs,05] € Ka, €3 # €1, €3 # €2}y

Uras = {lfc,,co0 8cyyer] | [8es,00] € Ka,y €3 # €1, €3 # €2},

Uise = {[fcl,cygcl,CZ,cS] | [&c1,c0,c5] € Ka},

U7 = {[fcl,cz,gt,‘g,(:?,,cl] | [gcz,03,cl] € Ks},

Uisg = {[fcl,CZ’gcl,cg,] | [gcl,cg] € Ki3, c3 # €1, €3 # C2},

Ura.9 ={lfe1,c00 8cr,c0) | [8cy,05] € Kiz, €3 # €1, €3 # €2},

Uis.10= {[fcl,CZ» gcz] | [gcz] € Kg},

Uig11 = {[fcl,q,gcl,cz,cs] | (&c1,c0,c3) € Kig},
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Uig12 = {[fcl,CZ,gcl,02,53] | (&c1,c0,c5) € Kiz},
Uis13 = {[fcl,czyg03,c1,cz] | [gc3,cl,c2] € Kiz'},
Ura.14 = {fe),c00 8cr,500) | 18y 50,1 € Kzl
Uis1s5 = {[fcl,CZ» gcl,cz,c3] | [gcl,cz,c3] € Ko},
Uis16 = {[fcl,cz,gcl,cz] | [&c,,c,] € Ko}

Jlemma 2.15. 111 MUHEMAa/IbHOM are6pHl [ f¢, ¢, ;] € K15 HaIMAHUMa/IbHbIE Pa3JIO’KHMBIe ajl-

I‘e6pLI pa36HBaIOTCH Ha CiIeQyroIire II0IIapHO HellepeCeKaroIuecd KIacChl:
Uisa = {[fcl,cz,Cy gcz] | [gcz] € K1},
Uis2 = {[fcl,cz,cg,» 8eicol | [8cs,c,] € Ka},
Uis3 = {[fcl,cz,03r 8e100,05] | [8c1,co.c5] € K7},
Uis4 = {[fC1,02,03) 8eicol | [8cy,c,] € K3},
Uiss = {[fer,c0,050 8careol | [8cy,c,] € Ki2},
Uise = {[fcl,(,‘g,63) g@] | [ch] € Kg}.

Jlemma 2.16. 111 MUHUMAa/IbHOM alre6psl [ f;, ¢, ;] € Kig HQIMUHUMa/IbHbIE PA3IO’KHUMBIe ajl-

re6pI>I pa36I/IBa}0TCH Ha CiIeayromire II0IIapHoO HellepeCeKaroImruecd KIacChl:
Uil = {[fCl,(,‘g,C3) gc,] | (gc,] € K1},
Uiz = {[fcl,cz,@»gcl,cz] | [8c,,c,] € Ky},
U3 = {[fcl,CZ,Cygcl,ce,] | [8ci,c) € K4},
Uiea = {[fcl,cz,c3»gc1,c2] | [8¢,,c,] € K12},
Uies = {[fc1,02,03rg01,03] | [&c),c) € K2},
Uie.6 = {[fe1,c0.050 8crreo] | [8ey,c,] € Kual,
U7 = {[fcl,cz,Cy ge ] | [&c,,cy] € Kia},
Uiss = {[fC1,02,63) gcl,cz,c3] | [gcl,CZ,cg,] € Kizi},
Uisg = {[fcl,cz,03r gcl,03,c2] | [gcl,03,cz] € Ky31},
Uis.10 = {[fcl,cg,Cygcl,cz] | [8¢,,cs2] € Ka}.

6.2. HapgMMHMManbHbIEe Hepas3noXKUMble anre6pbl

JlemmMa 3.1. /11 MUHUMaJIbHOM anre6psl | f¢, | € K; HaIMUHUMAaIbHbIe Hepas/IoXKHUMEbIe ajre6-

PBI pa3GUBAIOTCS Ha CIeAYIOIIIE MOIIapHO HellepeceKaroIuecs KIacChl:
Ni1=1{l8¢,c] 1 c1,00€ A 1 # €2},
_ { Jese, (X) 11 y = ¢, tae fe,,c, € Os,
gCerZ (y» x) -
fe,(x) ind ocTanbHEIX ¥, Ife fe € Oy.

Ni2=1[8c),c;,c51 | €1,C2,C3 € A, i # cj},

fcz,cl (x) g1y =cp, r1HE fcz,cl € Oy,

&ei00,05 (Y X) = f03,cl (x) mst y = ¢3, 17E ng,Cl € Oy,
fo,(x) gy = c1, e f¢, € O.

Jemma 3.2. [lI1 MUHUMAaJIbHOM aire6psl [f, ] € Ky Haf;IMUHUMAaIbHElEe Hepa3JI0KUMBbIe ajl-

reOphl pa3bUBAIOTCI Ha CIeAYIONIHeE IIOIapHO HellepeceKalouecs KIacChl:
Ny1=1{[8¢,c,] 1 c1,60€ A 1 # €2},
fe,(0) mmay=ci, rze fc, € O
8o X) =4 [fo,(X) A1y =c, e fe, € O
fei,¢,(X) B OCTaNMBHBIX y, THe fe ¢, € O4
Ny2 =1[8c),co,c51 | €1,C2,C3 € A, i # cj},
f01,02 (X)pmay=cy, r1me fCl,Cg €0y
8erccs(1X) =1 for,e,(X) LYy = €2, THE foy,c, € Os
Je, (X) pma y = cs, Ige fe, € O1
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Nz ={l8c,c,] | €1, € A 1 # 2},

fcl,cz (x) mrst y = c1, Tme fCl,Cg € Oy,
Jer,e,(X) W11 y = €2, Iae fey,c, € Oa,
fes e, (X) ByIg OCTANMBHBIX ¥ THE fe, ¢, € O4.
Nyg=1{[8c,,c,] | C1,02 € A 1 # €2},

fer,e,(X) Ity = ¢y,
fcl,cz (x) past y = ¢,
e(Xx) BJ1d oCTaNbHBIX ).
Nys=1{[8c,,coc5] | €1, 2,03 € A, ¢ # ¢},

oo, (1 X) =

e fCl,CQ € O4v

8c1,0 (1, %) = e fCl,Cg € Oy,

fcl,cz (x) pist y = 1,
fcl,cz (x) a1y = co,
fCl,Cg (x) st y = c3,
Nyg=1{[8c,,c,] | €1,2€ A 1 # C2},

fo(X) ity =c,

gCl,Cg,(,‘g (y: x) =

gCl,CZ (yr x) = {

fe,,¢,(X) 01 OCTaNBHBIX ¥,

I‘rue fCl,Cg € O4)
e fCl,Cz € 04;
Ime fe,,c, € Oy

Ige fe, € O1,
Ime fe,c, € Oa.

JlemMma 3.3. 11 MUHUMAaJIBLHOM anre6pHl [f;, ¢,] € K13 HafMUHUMa/IbHbIe HepasI0KUMbIe ajl-
re6pEI Pa3bUBAIOTCS Ha CAEIYIONIHE II0IIapHO HellepeceKaroIrecs KIacChl:

Niz1=1{[g¢,c] | c1,c0€ A, 1 # ¢},

8ci,c (y X):{ fCZ’Cl(x) oAy = c,

fchc2 (x) B1g oCTaNBHBIX J,

I‘,Il;e ng,Cl € O4r
Ime fe,c, € O

JlemMa 3.4. /[711 MUHUMAaJTIbHOU anre6psl [fe, c,c,] € K13 HaAIMUHHUMAIbHBIE HePas3I0>KHIMBbIe
ayre6pbl Pa36UBAIOTCS HA CIEAYIOIIHE TIOTIapHO HellepeceKaKoIHecs KJIacChl:

Niz1 =1{[8c,,coc5] | €1, 2,03 € A, ¢ # ¢}y
Jer,e,(X) mist y = ¢2,
Je, () st y = cs,
f03,02 L y = ¢,

gCl,Cg,C:), (_V; x) =

e fCl,Cg € 04,
e fe, € O1,
Ime fe,,c, € O4.

JlemMa 3.5. [ly11 MUHHMAaJIbHOU aure6psl [fc,,c,] € K14 Haf/MUIHUMAaIbHbIe HepasaI0KUMBbIe ajl-
reGphl pa3bUBAIOTCS Ha CIeAYIOININE IOTIAPHO HellepeceKaloIuecs KIacChl:

Nia1 =1{[8c,,coc5) | €1, 2,03 € A, ¢ # ¢},
fcl,cz (x) mist y = ¢,
fcl,c3 (x) st y = c3,
fc3,cl (x) g1t y = 1,
Nig2 =1{l8c,cc51 | €1, €2, 03 € A, ci # ¢j},
Jer,e, (%) B Y = €2,
Jes,es (X) st y = c3,
e(x) pay =c.

gCl,Cz,C3 (J/; x) =

gereo,c (1 X) =

e fcl,(,‘z € O4v
I‘ﬂe fC3 € O4)
Ime fe,,c, € O

Ime fCl,Cg € O4;
rﬂe sz,Cg € O4r

JlemMa 3.6. [l11 MUHUMAJIBHOM aire6pHl [fe, c,c;] € Ki5 HaAMUIHUMAaIbHbIe HePa3I0>KHIMBbIe
ayre6pbI Pa36UBAIOTCS HA CIEAYIOIIHE TIOTIaPHO HellepeceKaoHecs KJIACChL:

Nis.1 =1{[8c,,cc5] | €1, C2,03 € A, ¢ # ¢},
fer,e,(X) maist y = c3,
fe,(X) st y = ¢,
e(x) pna y =c.

gCl,Cg,C?, (yv x) =

I‘rue fCl,Cg € 04)
Ime fc, € Oy,

Jlemma 3.7. /11 MMHUMAaJILHOH anrebpsl [f¢ c,c,] € Kig HaMHHHUMAaIbHBIE Hepasso-
JKUMEBle ajirebphl pasbuBaIOTCA Ha CjeAylolliiie IIOIIApHO HellepeceKarolliyecs KJaccChl:
Nie.1 =1{[8c),coc5] | €1, 2,03 € A, ¢i # ¢},
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fChCz (x) gty = c3, 1€ [fcl,cz] € Ky,
8eones (1 X) =1 fee(X) Mty =ca, THE [fe),0,] € K4,
e(x) paa y = cy.
Nie2 ={[8c,c,c5] | €1, C2,03 € A, ¢ # ¢},
fChCz (x) ity = cp, 1HE fCl,Cg € Os,
8ci,c0,05 (y,x) = fcl,c3 (X)) pnay =cs3, r1mE fCl,Cg € Os,
e(x) paa y = c.

7. IPUMEP HAAMNHUMANBbHbIX ANFTEBP

[IpoeMOHCTHPYEM IIPpUMeHeHU BhlIIlle COOPMYIUPOBAHHBIX YTBEPXKIEHUHN JJI1 BEIUMCIIE-
HUS MHO>KeCTBa Ha/IMUHUMAaJIbHBIX ajarebp HaJ KOHKPETHOM MUHUMAaJIbHON aarebpoi. B ka-
dJecTBe IIpUMepa HalJleM Bce HafIMUHUMa/IbHbIEe aarebprl AJId aarebpsl [g 2] € Ky. 1 aTOro
HaM IToTpebyeTcss HAUTH YHapHBIe oIlepariuy U3 MHO>KecTBa O4. 3aTeM, UCIIOIb3YS TEOPEMY 2,
HaleM OIlepallyio gj 2, IIOCJIe Yero, UCII0JIb3ys JJeMMBI 2.4 U 3.4, HaiigeM Kaaccel Uy 1 — Uss,
Ny1— Nys.

B xadecTBe WJUIIOCTpAllNK HaliZileM BCe YHapHBIE OIlepariiuy U3 MHO>KecTBa Oy, KOTOPOE 3a-
JlaHO CJIeIYIOITUM 06pasoMm:

Os={feal fea@=a,feab)=b,f.q(c)=d,tne aztb,a+c,b+c,c*da,bcde A}
CoctaBUM TabJIHITy ITapaMeTpPoB a, b, ¢, d, BXoadIux B ompesiesieHre Oy (CM. TabIUIly 2).

Ta6nuua 2. Ontepanuu u3 Oy

fc,d
(121)

(122)
(114)
(144)
(121)
(122)
(224)
(424)
114
(144)
(224)
(424)

[~y
QU

WA NN R R R RS
NN =] =R NN
R RN RS NN R o
[ O TN (S BUSQ I NCY I NCY (RS NG (SRS I )

Takum o6pa3oM, IoJIy4YuM 6 YHApHBIX oneparuii: (121), (122), (114), (144), (224), (424). Uc-
I10J1b3y4 IIOJIyUYeHHble YHapHBIe ollepaniuu U3 Oy U olpeie/leHUe U3 TeOpeMBbl 2, II0JIyYUM OU-
HapHBIe OIlepalluHy, MoPosKaatolie aare6psl u3 Ky (cM. Tabruity 3).

Ta6nuua 3. Ontepaniiy, IIOPOXKAroIKe anrebpsl U3 Ky

S
—

8cic
(224224224)
(424424424)
(114114114)
(144144144)
(121121121)
(122122122)

ST NN RN SIS

NN TN NCY [ O (YUY [N
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B xauecTBe IPHUMepa UCITOIb30BaHUS TeOPEMBI pacHUIIIeM II0JyuyeHHe GMHAPHOM oIlepa-
v g2 € K4 (13 mepBod CTPOUKH TaOIUIIEI 3):

f2(x) pmty=1, 17Ae fi2 € Oy,
812x) =1 fi2(x)may=2, rme fi2€ Oy,
fHex)pmay=4 tae fi2 € Os.

Pe3ysIbTaThl BEHIUHUCIEHUH IIpe/iCTaBIeHE! B TabIUITE 4.

Ta6nuua 4. IlosrydeHue ollepaiiu g 2

fx) 8y, x)
f120=2 | g12(1,1) = fi2(1) =2
fi22)=2 | 812(1,2)= fi2(2) =2
fip@)=4 | g12(01,4) = f1.(4) =4
fi2D)=2 | g122,1) = fio(1)=2
f122)=2 | §122,2)=f12(2) =2
fio4) =4 | g122,4)=fi.(4)=4
fio)=2 | g12(4,1) = f12(1) =2
f122)=2 | g12(4,2)= f12(2)=2
fip@)=4 | g12(4,4) = f1.(4) =4

WIR RN NN R = =<
NG I CY SN BV I O} [FSES NG Y NCY QSR (Y

HatifieM Bce pasjIo;KHMMBble HAMIHHUMAaJIbHEIE aJrebprl Haf 12 = (224224224), HCTIONB3YS
jgeMMmy 2.4:

Usr = {[fcl,czyg@] | [8c,] € K1, c3 # 1l
Us1=1{lf1,2,8c]) | 8] €K1, c3# 1}

CocTtaBHUM TabJIMITY IIapaMeTPOB /I HaX0XKAeHUd g, (CM. TabJIHIYy 5).

Ta6nuua 5. IJapaMeTphI [/ HaX0XKAeHU gc,

C1 C2 C3 8c3
1 2 2 (222222222)
1 2 4 (444444444)

Taxum o6pa3oM, B kiaacc Uy 1 BXOISAT IBe aIreOpsI:

[fi.2, &2] = [(224224224), (222222222)],
[f1.2,84] = [(224224224), (444444444)].
OcTayJIbHBIE aITe0PHI ITOIYYAI0TCsT aHAJTOTHYHBIM 00pa3oM:
Uso = {[fcl,cgygcl,cg] | [gcl,cg] € Ky, c3 # C2},
Us2 = 11/1,2, 81,4 | [81,4] € Ky} = [(224224224), (424424424)],
Uss = {[fcl,cgygcz,cl] | [8cy,c,] € Kal,
Uz =112, 811 | [g21] € Ky} = [(224224224),(114114114)],
Uss = {[fcl,L‘g»gcl,CZ] | (8c,,c,] € K13},
Usa =1{lf12, 81,21 | [81,2] € K13} = [(224224224), (124124224)],
Uys = {[fcl,CZ»gcl,CZ] | (8c,,c,] € K12},
Uss =1{lf1,2, 81,21 | [81,2] € K12} = [(224224224), (124224224)].
HatimeM Bce HepasJIo>KHUMble Ha[[MHIHUMAaJIbHbIe alaredpsl I fi 2 € Ky UCII0JIB3yd IeMMY 3.2.
Nyi=1{lg12] | c1,c2 € A, c1 # ¢} = [(222222224)], TaK KaK:
Lx)pmay=1, rme f, € O f>=(222),
g12(x) =4 LX) amy=2, e L€ 01 fo=(222),
fi,2(x) gy ocTaybHEIX y, TIHe fi2 € Oy fi2 = (224).
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Otcroza g2 = (222222224).

OcTajibHbIE aJII‘eﬁpBI II0JIy49aKTCA aHaJIOTHYHBIM 06paSOM:
Nyo = {81,241} = [(224224444)],
N3 =1{[g1,21} = [(224224114)],
Nya =1{[g1,21} = [(224224124)],
Nys5 =1{[81,2,4]} = [(224224424)],
Ny =1{[g1,2]} = [(222224224)].

8. 3AK/IIOYMEHUE

1 pelieHUs IIOCTaBJIEHHOM 3aJjlaud HaJMHUHUMAaJbHbIE aarebpbl OMHapPHBIX Ollepalirui
paHra 3 6pUTH Pa3bUTHI Ha [Ba MHOYKECTBA: pasjioKUMEIe U HepasJIOKUMble. /[ ITOMCKa
HepasJIoKUMBIX anrebp 6pia chopMyIrpoBaHa JieMMa 1 0 CBOMCTBe oIleparjyii, IIOpoXKia-
IOIIUX HepasJIoKUMble HaIMUHUMAaJbHbIe alare6prl. Mcroib3ysl JaHHOEe CBOMCTBO, y[aJIoCh
HaliTu 87 HepasJIOKUMBIX ajare6p Hajg BCeMHU MUHUMAaJbHBIMU aire6paMu. JIjsi IIOMCKa
PasIoKUMBIX HaJIMHUHHUMAaJIBHBIX are6p HCIIOJIb30BAIUCH paHee IIOJyYeHHbIe pesyJsbTa-
Tl 0 MUHUMAaJbHBIX anrebpax m3 paborTsl [1]. Bcero 6110 mOTydeHO 474 PasioKUMBIX
HaJMUHUMAaJbHBIX aiarebp Haj, BCeMU MHUHHUMAaJbHBEIMU airebpamu. Taxoke ObLia clesiaHa
KIaccupuKanmysgd MUHUMAQIbHBIX U HaJMUHUMAaJbHBIX ajarebp, IIpelcTaBjeHHas B BH[e
TEOPEMEI 2 U JIEMM.
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